Application of a finite difference front fixing method to various problems with moving boundaries and nonlinear material properties is discussed. Advantages and implementation problems of the method are highlighted. Particular attention is given to conservation properties of the algorithm and accurate solutions close to the moving boundaries. The algorithm is tested using a well-known solution of the plane diffusion problem with complex conditions at the moving interface.
Introduction
Diffusion equations are widely used to describe electromagnetic processes, e.g. electrical machines motion or eddy currents. Formulations of field variations in terms of diffusion of the magnetic vector potential allow to utilise many numerical methods developed previously for heat and mass transport [5] . Often the modelling of the diffusion equation encounters problems with strong non-linearity due to extreme variations in material properties with field changes, e.g. high-temperature super-conductivity [4] , or with magnetic phase transitions due to Joule heating [3] . For such dynamic problems with strong non-linearity the finite differences methods usually deliver adequate description of the localised phenomena. Moreover, developments of finite volume techniques, together with ADI and fractional step methods [5] , provide powerful tools for constructing unconditionally stable, high order approximations at irregular boundary nodes even for complex 3D systems.
The paper deals with modelling of diffusion in an abstract system with a moving boundary. The motion is assumed to be a function of the solution itself and many numerical methods developed previously [1] are not able to cope with such a strong coupling. On the other hand, the transformations proposed by Landau [1] do introduce a co-ordinate system in which all of the spatial boundaries are fixed. Under the transformation the new computational domains remain the same with an additional non-linear equation for the boundary motion. This allows keeping nodes close to the interface independent of the motion. Of course, there is a price for such an improvement: the conservation laws in the new system must be modelled carefully and iterations are required to solve non-linear coupling between field diffusion and the interface displacement. This may be assessed using a simplified plane system. The main challenges are the implementation of conservation laws at the moving boundaries and an effective mesh refinement. These issues are addressed in the paper. 
Plane diffusional system
A diffusion-controlled phase change is an example of a non-linear, coupled diffusion-motion problem with a discontinuity at the moving interface. It can be described by variation of an abstract potential or field strength (φ) with position (x). Potential profiles depend on time (t).
Diffusive processes occur simultaneously in two distinct domains (A & B)
. But the potential of one domain in contact with the other is fixed by a thermodynamic constraint (equilibrium potentials φ A and φ B ). The rates at which potential diffuses towards the interface through A and is removed into B are not necessarily equal. In order to conserve energy the interface between the two domains must move. Writing the interface position as s=s(t), the following set of coupled non-linear differential equations may be used to model the system [1] ( )
Front fixing, interface and implementation
Landau transformation utilises new positional variables (one for each domain). Introduction of u=x/s(t) fixes the extent of A to the domain 0≤u≤1, while ν=(x−s)/(L−s) fixes the extent of B to the domain 0≤ν≤1. The divergent form of the diffusion Equation (1) and interface Equation (2) may be written as [2] :
In order to derive a finite difference scheme, space is discretised at M+1 points. The first N+1 points are given by a fixed discretisation of u, which corresponds to the extent of A. Using a subscript notation to denote discretisations of space, the points in A are written as . The last M−N+1 points are in B as given by a fixed discretisation The interface Equation (4) is approximated in a consistent way to conserve energy [2] ( ): The set of simultaneous equations involves M+3 unknowns, i.e. the future potentials and the future interface position s j+1 (with 4 values fixed by the boundary conditions). Since all of the equations are coupled, if the implicit scheme is to conserve energy, the entire system must be solved simultaneously. But the fact that they form a non-linear system means that this is potentially very demanding in terms of computing times. It is interesting to note, however, that Equations (5) and (6) are only weakly coupled; thus, if the future interface position s j+1 were known, the diffusion problem (5) would become linear. Conversely, if future potentials were known, the future interface position could be calculated from Equation (6) relatively easily. It is possible to implement an efficient algorithm based on de-coupling the problem in this way. Normally it requires only 3 to 4 iterations to reach a consistent solution.
Validation
It is confirmed that the numerical scheme conserves energy (within rounding accuracy) in every calculation. The question of whether the solution is accurate remains. For particular initial and boundary conditions, analytical solutions are available [1] . In this case the interface position should vary with the square root of time. This behaviour is reflected in Figure 1 (for geometry where L=1, D=1). One advantage of discretising the problem in the transformed space is that the meshes automatically adjust themselves to accommodate the moving interface position. It is therefore possible to impose irregular meshes with fine resolution in regions where large concentration gradients are expected (near to the interface, for example) and larger space steps elsewhere. The results plotted in Figure 1 correspond to calculations completed using both irregular and regular meshes. It is clear that, for a given number of discretisation points, it is possible to find significantly more accurate solutions by using irregular meshes. In this way errors can be reduced without requiring any extra computational effort. 
Conclusions
It is suggested to use a front-fixing method for modelling of non-linear diffusion processes in various electromagnetic phenomena. Potential problems with implementation of conservation laws and complex boundary conditions in the front-fixing method are considered and solutions are suggested. It is shown that high accuracy can be achieved on a coarse irregular mesh since the interface is fixed in new coordinates.
